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A focused review of the literature on reasoning suggests that mechanisms
based upon contraries are of fundamental importance in various abilities. At
the same time, the importance of contraries in the human perceptual
experience of space has been recently demonstrated in experimental studies.
Solving geometry problems represents an interesting case as both reasoning
abilities and the manipulation of perceptual!figural aspects are involved.
In this study we focus on perceptual changes in geometrical problem solving
processes in order to understand whether a mental manipulation in terms of
opposites might help. Four conditions were studied, two of which concerned
the search for contraries as an implicit or explicit strategy.
Results demonstrated that contraries, when used explicitly in solution
processes, constitute an effective heuristic: The number of correct solutions
increased, less time was needed to find a solution and participants were
oriented towards the use of perception-based solutions—not only were
perceptual solutions more frequent, but also, more specifically, the number of
correct perceptual solutions increased. These last results concerning
perception-based solutions were found both when participants were advised
about the usefulness of the strategy and when they were not advised.
Differences concerning which aspects of a problem were focused on during the
solution process also emerged.
Keywords: Contraries in perception and reasoning; Geometrical problem solving;
Contrast class; Opposites.

Contraries have been widely investigated in studies by contemporary
researchers in psycholinguistics and cognitive linguistics. These studies
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showed that antonyms—intended as a cover term for all types of oppositeness (Crystall, 1985)—are a typical structure common to all natural languages. Up/down, big/small, good/bad, old/young, etc. are examples of
everyday antonymic words.
Researchers in psycholinguistics and cognitive linguistics have always
emphasised the importance and primacy of opposites in human semantics
and conceptual spaces (Croft & Cruse, 2004; Jones, 2002; Jones, Murphy,
Paradis, & Willners, 2012; Murphy, 2003; Paradis, Hudson, & Magnusson,
2013; Paradis & Willners, 2011). And now other recent studies have pointed
out the importance of opposites in perception and reasoning. For instance,
it has been shown that:
(1) opposites constitute a primal perceptual relation, different from diversity and similarity, and they are particularly prominent in spatial perception. This has emerged from both visual and motor studies
(Bianchi, Burro, Torquati, & Savardi, 2013; Bianchi & Savardi, 2008;
Bianchi, Savardi, & Burro, 2011; Bianchi, Savardi, Burro, & Martelli,
2014; Bianchi, Savardi, & Kubovy, 2011; Savardi & Bianchi, 2009).
The hypothesis of a pre-linguistic foundation to the importance of
opposites in cognition is also supported in studies regarding cognition
in infants (Casasola, 2008; Casasola, Cohen, & Chiarello, 2003);
(2) opposites positively affect reasoning in hypothesis testing. The standard paradigm employed to study performance in hypothesis testing
is Wason’s rule discovery task (Wason, 1960). It has been shown that
reasoning in terms of contrast class cues is an effective strategy to
help overcome the confirmatory bias which typically characterises the
process of searching for a solution (Gale & Ball, 2006, 2009, 2012).
Using this as a starting point, in this paper we put forward and test the
hypothesis that reasoning in terms of contraries may help in problem solving
beyond the conditions considered in typical studies investigating the efficacy
of contrast class cues. Before presenting our study, we will briefly review the
literature which has demonstrated that problem solving processes are sensitive to visual or visually based manipulation of a problem situation. This is
relevant to the present paper since our study concerns geometrical problem
solving, i.e., problems where figurative aspects (either under observation or
imagined) are essential.

THE STATE OF THE ART REGARDING THE RECOGNITION OF
THE ROLE OF CONTRARIES IN HYPOTHESIS TESTING
In the classic task devised by Wason (1960), participants are invited to discover the rule, known only to the experimenter, that governs the production
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of triple numbers. Starting from the sequence 2-4-6, considered as a seed triple, participants are asked to generate further triple numbers which they
consider useful in order to discover the rule (the to-be-discovered rule is
“any ascending sequence”). The experimenter confirms each time whether
the proposed triple number conforms or not to the target rule. Participants
are only allowed one attempt and thus announce that they have discovered
the rule only once they are confident. Despite the apparent simplicity of the
task, only a small percentage of participants are successful and some remain
unable to discover the rule even after repeated attempts (Farris & Revlin,
1989b; Wason, 1960). Wason’s original view (e.g., Wason & Johnson-Laird,
1972) was that people succumb to a confirmation bias on the task, which
arises from the use of a verification strategy whereby they propose triples
that potentially conform to the hypothesis they have in mind, rather than
trying to falsify it. However, more recent evidence (e.g., Klayman & Ha,
1987, 1989) has recast behaviour on the task as reflecting the use of a
“positive test strategy” whereby people generate positive tests of their
hypotheses, which inadvertently leads them into loops of confirmation
because of the peculiar properties of the task rather than because they lack
the motivation or ability to falsify (see Evans, 2014). This re-framing of the
evidence perhaps explains why researchers who have implemented various
falsification interventions to improve performance have generally been
unsuccessful (Gorman, Stafford, & Gorman, 1987; Kareev, Halberstadt, &
Shafir, 1993; Tweney et al., 1980).
Improvements were obtained with a variation of Wason’s task (Tweney
et al., 1980), with participants being asked to discover two rules, one (called
DAX) was “any ascending sequence of numbers”, the other (called MED)
“all other sequences” (i.e., any non-ascending sequence). A number of studies demonstrated that this dual task facilitates the discovery of the rules
(Gale & Ball, 2006; Gorman et al., 1987; Tukey, 1986; Vall!ee-Tourangeau,
Austin, & Rankin, 1995; Wharton, Cheng, & Wickens, 1993). However, various theoretical explanations of why this happened turned out to be unsatisfactory—for example, Evans’ proposal to positively label “does not fit”
feedback (Evans, 1989), the goal complementary theory (Wharton et al.,
1993) and the triple-heterogeneity theory (Vall!ee-Tourangeau et al., 1995).
The key factor seems rather to be the use of contrast class cues, as shown by
studies demonstrating that a facilitating mechanism emerged when cues
based upon the oppositional nature of DAX and MED were provided (Gale
& Ball, 2003, 2006, 2009, 2012).
The definition of a “contrast class cue” was introduced by Oaksford and
Stenning (1992; Oaksford, 2002), who clarified that it is a psychological and
not logical concept in that the idea of contrast class does not refer to the
strict complement of a set but to its most likely or relevant members. For
instance, if we are told that “John was not drinking a coffee”, we are inclined
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to hypothesise (driven by what the authors call “perceived relevance”) that
John was drinking another hot beverage, e.g., tea, hot chocolate or Ovaltine,
rather than one of the multitude of other drinks that would fall into the logical complement, e.g., whisky, water, cola, etc. By applying this definition to
the problem involving triple numbers, Gale and Ball (2012) demonstrated
that the 6-4-2 triple was the MED example that fit in best with the peculiarities of the useful contrast class and in fact it greatly facilitated the discovery
of the contrasting DAX (ascending) rule. Conversely, 4-4-4 and 9-8-1 were
triples which were logically coherent but psychologically misleading and
they thus inhibited the discovery of the DAX (ascending) rule. The 4-4-4 triple was useless since it biased participants towards an irrelevant dimension
(i.e., identical vs. different numbers) and hid the importance of the ascending
vs. descending dimension. The 9-8-1 triple did not facilitate the search for
the DAX rule since it contrasted with the 2-4-6 triple in several dimensions
in addition to the relevant descending!ascending dimension. These irrelevant dimensions were, for example: Odd and even numbers vs. only even
numbers, unequal vs. equal intervals and a middle number which is the
arithmetic mean of the other two numbers vs. one which is not. This profusion of contrasting elements hinders the emergence of the critical contrast.

GOING BEYOND WASON’S TASK: THE IMPORTANCE OF THE
VISUAL STRUCTURE OF THE PROBLEM IN GEOMETRICAL
UNDERSTANDING AND PROBLEM SOLVING
Wason’s task is for sure a typical example of a problem solving condition.
Problem solving has been defined as a particular thought process activated
by human beings when they have to cope with situations characterised by a
goal to be reached and by the search for the means to pursue it (Anolli,
Antonietti, Crisafulli, & Cantoia, 2001; Johnson-Laird, 1993; Newell &
Simon, 1972).
Gestalt psychologists (Duncker, 1926,1935, 1945; K€
ohler, 1925; Maier,
1930, 1931a, 1931b, 1945; Wertheimer, 1919/1945) provided a phenomenological description of what happens when people face a problematic situation (see Nerney, 1979). The distinction between productive thinking (i.e.,
what characterises all intelligent acts that create something new) and reproductive thinking (i.e., the application of a previously known chain of associations, learnt in the past and reinforced by habits) was central to their
analysis. Their primary contribution was to demonstrate the importance of
paying attention to the “phenomenal structure” of a problem (Luchins &
Luchins, 1970a, 1970b, 1970c; Wertheimer, 1919/1945), i.e., how the structure of a problem is spontaneously perceived by problem solvers, what its
primary and secondary elements appear to be and what the relationships
between these are. This initial phenomenal structure may be a kind of “trap”

Downloaded by [Ivana Bianchi] at 00:10 07 January 2015

CONTRARIES IN PROBLEM SOLVING

5

which prevents the problem solver from seeing the solution (Duncker, 1926,
1935, 1945; Harrower, 1932; K€
ohler, 1969)1 but it also potentially shows the
gaps or “trouble zones” to be healed, i.e., it may also suggest the directions
to follow in order to solve the problem (Wertheimer, 1919/1945). Note that
productive thinking was not thought of by gestalt psychologists as a cognitive process involving higher order cognitive abilities but rather as a case of
perceptual processing: Understanding the phenomenal structure meant
seeing the phenomenal organisation of the problematic elements and the
necessary procedure to solve them. This may mean, for example, reassessing
the part!whole organisation of a problem involving the division of elements
that were grouped together in the original spontaneous phenomenal organisation and, vice versa, the unifying of components that initially appeared to
be separated.
The role of the “visual structure” of a problem in facilitating or impeding
problem solving was reconfirmed in three more recent streams of studies.
First, its importance emerged in studies which demonstrated the importance
of visualisation and the ability to manipulate mental images when learning
geometry (Duval, 2006; Gorgorio, 1998; Guti!errez, 1996; Jones & Bills,
1998). Dividing the figure into new parts or sub-parts (mereological transformations), making the figure wider or narrower as if it were being viewed
through a lens and manipulating different planes of spatial representation
(thus transforming the orientation of the figure with respect to the observer)
are three visual operations which have turned out to be critical in terms of
helping people understand geometrical problems and demonstrations
(Duval, 2006; Guti!errez, 1996; Guti!errez, Pegg, & Lawrie, 2004; Herbst,
2006; Unal, Jakubowski, & Corey, 2009). Visualisation also helps in the discovery of mathematical truths (Giaquinto, 2007); for example, the general
proposition regarding squares in Euclidean space that “any square C has
twice the area of the square whose vertices are midpoints of C’s side” is easier to believe if one simply visualises it (imagine a square with a horizontal
base: Each of its four sides has a midpoint and there is a second square
inside the first square whose corner points coincide with the four midpoints
of the first square; this second inner square is tilted diagonally so it seems to
stand on one of its corners; visualisation makes it easier to see that the original square equals twice the area of the inner square because it is composed
of the tilted square plus four other corner triangles, each with one side of the
inner square as its base; the corner triangles can be “folded over” the sides
1
The biases related to remaining attached to the usual functions of everyday objects rather
than seeing new possible uses of them (Duncker, 1926, 1935, 1945) and also imputing a procedure already repeated in a series of similar tasks to subsequent problems (known as the Einstellung effect by Maier, 1930, 1931a, 1931b, 1945; Luchins, 1942, 1946; Luchins & Luchins, 1950)
are two variants of this.
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of the inner square thus covering the area of the inner square exactly, without any gap or overlap).
Second, studies on insights in problem solving have demonstrated that
before the insight arrives, problem solvers usually encounter many hindrances which could potentially cause an impasse (i.e., a state of mind in which
one does not know what to do next) and which depend on the initial representation of the problem. Problem solvers frequently hark back to past experiences and as a result perceptually organise the elements of a problem
according to familiar perceptual patterns. However, this means that they
apply familiar categories, concepts, rules or schemas and these somehow
“constrain” the options which they initially considered and thus limit the
area within which they search for a solution. This initial representation activates some elements of knowledge but not others and thus inhibits the discovery of further components which are not associated with the initial
representation but may be potentially of interest. The impasse can be
broken by a representational change (Knoblich, Ohlsson, & Raney, 2001;
€
Ohlsson, 1992; Ollinger,
Jones, & Knoblich, 2008; Wu, Knoblich, & Luo,
2013) and this is a cognitive process which implies visually based processes
(Luo, Niki, & Knoblich, 2006).
Third, evidence of the influence of visual experiences in problem solving
also emerged in a set of studies demonstrating that the use of visual images
or diagrams facilitates the understanding of a situation and the discovery of
a solution in classic problem solving tasks, such as for example Wason’s
task (Vallee-Tourangeau & Pyton, 2008)2 or Maier’s problem3 (Antonietti,
2001; Antonietti, Angelini, & Cerana, 1995).

THE HYPOTHESIS UNDERLYING OUR STUDY
From the above-mentioned literature a series of considerations can be
drawn. (1) In the problem solving process, problem solvers often need to go
beyond the initial representation of the problem that takes shape in their
mind or the initial solution they come up with. (2) This initial representation
of the problem situation is also defined by visual aspects (mostly spatial)
which are either actually under observation or mentally visualised or both.
This is generally true but is particularly prominent when geometrical problem solving is concerned. (3) We know from studies on direct experiences of
space and phenomenal representations of space that spatial experience is
2

Representing numbers as points on a line is an example of representing abstract concepts in
concrete terms (for a theory of embodied mathematics see Lakoff & Nunez, 2000).
3
This problem (1930) asks people to make four equilateral triangles out of six matches, with
each triangle having one whole match for each side: Visualizing the matches arranged as a
three-dimensional tetrahedron (each face corresponding to a triangle) significantly facilitates
the task.
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inherently oppositional (Bianchi et al., 2013; Bianchi, Savardi, & Kubovy,
2011; Savardi & Bianchi, 2009): x is perceived as either near or far from y
(or neither near nor far, which is in any case an intermediate state in a dimension defined by two opposite poles), or x can be either inside or outside, open
or closed, above or below, big or small, ascending or descending, etc. This
oppositional schema gives form to the way in which we conceive space to be,
both in general (e.g., Gardenfors, 2000, 2014) and with regard to specific
phenomena (such as our understanding of mirror reflections for example;
see Savardi, Bianchi, & Bertamini, 2010).
Manipulating the spatial characteristics of a problem in terms of contraries
should thus on the one hand be easy and on the other hand should offer an
effective strategy to go beyond the initial representation of the problem; it in
fact suggests a way to systematically operate on the situation to explore transformations leading to possible solutions. Reasoning in terms of contraries
prompts problem solvers to focus, at different moments, on one or the other of
the aspects of a problem and to wonder whether the state of things they have
in mind is necessarily so or if the solution might require transforming this state
into its opposite. This may be in terms of extension (e.g., wide!narrow, high!low, long!short, etc.), position (e.g., above!below, inside!outside, to the
left!to the right, beginning!end, etc.), orientation (e.g., vertical!horizontal,
convergent!divergent, ascending!descending, etc.) or shape (open!closed,
symmetrical!asymmetrical, straight!bent, etc.). For example, is the fact that
a figure is positioned horizontally (or the fact that the segments constituting its
sides are unified to form a closed shape etc.) a necessary constraint? Or rather,
might the solution require the figure to be positioned vertically or the segments
forming the figure’s sides to be separate and no longer form a closed contour?
Note that we are not implying that people will immediately realise which
transformation will lead to the solution. We expect this strategy to be useful
to help people work productively on the information available in order to
eliminate constraints. Moreover this is a strategy that does not require
expert knowledge and in this sense it is potentially available to any problem
solver (which means that people might take advantage of it not only individually but also when cooperating with other non-experts).
To exemplify how contraries might help problem solvers to restructure a
problem, let us consider Wertheimer’s parallelogram problem (Wertheimer,
1945) and Kanizsa’s square problem (Kanizsa, 1973).4 In the parallelogram
problem the task is to calculate the area of a parallelogram; the solution consists of transforming the parallelogram into a rectangle (see the top row in
Figure 1). This global change implies the use of contraries because it
4
Some of us (Branchini, Burro, & Savardi, 2009) have analysed 10 classic problems used in
research on problem solving to show that the solution processes often require the transformation of some of the initial properties of a problem into their contraries.

8 BRANCHINI ET AL.
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Figure 1. Initial configurations and solutions of Wertheimer’s parallelogram problem (first row)
and Kanizsa’s square problem (second row).

requires the transformation of two salient global characteristics in the initial
figure—i.e., it is visually “unstable” and leans horizontally—into the opposite of those characteristics to produce a stable, upright figure. This is
achieved by drawing two perpendicular lines down from the A and B
vertexes to form two identical triangles. This in turn leads to other variations involving contraries. One triangle is on the left, inside the parallelogram and the other is on the right, outside the parallelogram. By moving
the left hand triangle (which is outside the rectangular shape and thus “in
excess”) to fill in the space on the right (which appears to be “missing” from
the rectangle), one obtains a rectangle that is perfectly equivalent to the
parallelogram. The area can then be easily calculated by multiplying the
base by the height.
Similar considerations can be made regarding Kanizsa’s square problem. The task is to build a square by putting together six figures (four
right-angled isosceles triangles and two right-angled trapezoids with
bases of different sizes but of equal height—see the bottom row in
Figure 1). Not only does the problem itself present us with an initial element of contrariety (i.e., the task is to transform many separate shapes
into a single unified shape) but the solution also implies the manipulation of various spatial contraries in order to change the initial orientation and position of the separated shapes. The two trapezoids, which
are vertical when separated, must be positioned obliquely in the new
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figure. We see that the horizontal and vertical sides of the trapezoids are
not in fact used to build the horizontal and vertical sides of the new
square but, conversely, are placed obliquely inside the new square to be
lined up with the sides of the triangles. The oblique sides of the trapezoids in this way form part of the four sides of the new square. In addition, the four triangles which are identically oriented in the initial
configuration have various different orientations in the new configuration: The two triangles at the top are positioned symmetrically but
arranged in such a way that they only touch each other at the vertex
and the two right-angle vertexes are external, forming two of the vertexes of the new square; in contrast, the two other triangles at the bottom are again symmetrically positioned but adjacent, with an entire side
in common, and the two right-angle vertexes are internal in the new setup.
A pilot study with children (briefly presented in Branchini, Burro, &
Savardi, 2009) provided the first evidence in support of the positive effects
of encouraging problem solvers to look for contraries. In the present study
we tested this hypothesis with adults, using a more complete experimental
design and a wider sample of participants.

THE STUDY
The aim of the study was to see what happened when we asked adult participants to look for contraries when trying to solve six geometrical problems.
In one condition we explicitly stated that this might help them with the solution process, in another condition we left this unsaid. The reason for this
was the need to understand whether carrying out a preliminary exercise
which activated the exploration of the situation in terms of oppositional
dimensions positively impacted on the solution process or whether this was
effective only when the participants were prompted to apply this strategy in
order to reach the goal. These two conditions were compared with two other
conditions: A control condition where no indications were provided and a
further condition where participants were prompted to recall their knowledge of geometry.
For all four conditions we analysed: The type of solution found, the time
needed to reach a solution, and the type of processing that was carried out
on the data related to the problem. This latter aspect involved observing
which aspects of a problem the participants focused on while searching for a
solution. This was the most difficult information to capture since it required
us to somehow look into the participants’ minds while they were processing
the data. In order to address this, we combined two different methods: The
inter-observational method and the “thinking aloud coding scheme”
method. The former was introduced by experimental phenomenologists of
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perception to obtain precise and refined descriptions of an event under
observation (Bianchi, Savardi, & Kubovy, 2011; Bozzi, 1978; Bozzi &
Martinuzzi, 1989; Kubovy, 2002). It requires participants to take part in an
experiment in small groups of three to five members and to share their
thoughts by giving verbal descriptions of how they see the situation. This
activates a process of cross-testing of each individual detail of the descriptions given in order to check whether they fit in with what all the other
observers have seen. The second method, the “thinking aloud coding
scheme”, comes from work domain analysis (Hoffman & Lintern, 2006;
Rasmussen, 1985; Rasmussen, Petersen, & Goodstein, 1994; Rasmussen,
Petersen, & Schmidt, 1990). It consists of an “abstraction!decomposition”
matrix, used to analyse the representations and processes that characterise
expert knowledge. Expert knowledge can be accessed using different methods (e.g., structured and unstructured interviews, ethnographic studies of
patterns of communication emerging in workplaces, performance measures,
reaction times in contrived tasks or think-aloud problem solving tasks, etc.).
The matrix explores implicit knowledge using a list of categories whose contents vary depending on the specific expertise being studied. This expertise is
closely examined in terms of how abstract or concrete aspects are processed
(levels of abstraction) and whether it operates on a local or a global level
(levels of decomposition).
In our study, the two methodologies were jointly applied: Participants
took part in the study in small groups of three people, and were invited to
solve the task collectively by thinking aloud and sharing their thoughts. This
allowed us to obtain information regarding the search for a solution since
this was “an in progress process” (see “Procedure” section for more details).
The plausibility of this choice was also supported by results from previous
studies which showed that either there are no overshadowing effects of verbalisation on insights in problem solving (Ball & Stevens, 2009; Fleck &
Weisberg, 2013; Gilhooly, Fioratou, & Henretty, 2010) or that if these arise
during a short period of time they will dissipate eventually over longer times
(Ball, Marsh, Litchfield, Cook, & Booth, 2014)—and in our study participants were given unlimited time.

METHOD
Participants
240 students (96 undergraduate students and 144 final year high school
students) divided into 80 inter-observational groups, each with three
members.
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Procedure
Participants took part in the study in groups in a meeting room at the University of Verona (the undergraduate students) or an empty classroom in a
secondary school in the same region of Italy (the high school students). The
groups were provided with a seven-page booklet with instructions on the
first page. These were followed by the six problems (each one on a separate
page), in random order. The instructions varied in the four conditions
studied.
In one condition (Advised use of Contraries: AC) participants were
instructed to look for contraries and were advised that this strategy would
help the solution process. “Before searching for the solution to the problem,
we would like you to perform a preliminary task: List all the spatial contrary
features (e.g., at the top!at the bottom) which are explicitly present in the
problem or are “implicit”. By “implicit” we mean that only one of the two
poles is present, either because it is specifically mentioned (e.g., “at the top”
is referred to but not “at the bottom”) or because the objects referred to are
characterised by it (e.g., if there is a star-shaped figure, this implies angularity, spikiness or broken contours). When only one pole is present, try to
identify its contrary. Make an exhaustive list of these contraries, write them
down. Once you have finished, you can move to the second phase and look
for a solution. Do the initial phase carefully since it will help you to find a
solution in the second phase”.
In a second condition (non-Advised use of Contraries: nAC) participants
were instructed to look for contraries but were not advised that this strategy
would help the solution process. The instructions were the same as above,
except for the last sentence which was omitted.
In a third condition (Advised use of prior geometrical Knowledge: AK)
participants were instructed to use previous geometrical knowledge and
were advised that this strategy would help the solution process. (“In your
search for a solution, use any knowledge, competence, rules and concepts
that you have learned in the past and which you consider are needed to solve
the problem”.)
In a fourth condition (no strategy: n) participants were given no instructions regarding the use of a strategy and no advice that a strategy would
help.
In all four instruction conditions, the participants were invited at the
beginning of the session to solve the task collectively by talking aloud and
sharing their thoughts. It was made clear that they were allowed to use
paper, pens, pencils and rulers during the session and that they could do the
problems presented in the booklet in any order. Only one booklet per group
was provided in order to stimulate them to work together. It was also specified that there were no time limits. Each experimental session took place in

12 BRANCHINI ET AL.
the presence of an experimenter and was video recorded, with their permission for this having been requested previously.
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Material
A booklet consisting of seven A4 sheets of paper was given to each group.
The instructions were printed on the first page and the details of the six
spatial-geometrical problems (and the corresponding figures where appropriate) were printed on the following six pages. The problems (reported in
the Appendix) were Wertheimer’s parallelogram (Wertheimer, 1945),
Maier’s nine dots (Maier, 1930), Harrower’s duck (Harrower, 1932),
Wertheimer’s altar window (Wertheimer, 1945), Kanizsa’s square (Kanizsa,
1973) and K€
ohler’s circumference (K€
ohler, 1969).

RESULTS
Type of solution
We first of all studied whether there were any differences between the four
different instructions in terms of the type of solution that participants came
up with. We distinguished five types of solutions and classified responses
accordingly: Correct perceptual solutions (cPS), i.e., correct solutions based
on perceptual spatial operations, without the application of previously
learned rules; incorrect perceptual solutions (iPS), i.e., incorrect solutions
based on perceptual spatial operations, without the application of previously
learned rules; correct prior knowledge solutions (cKS), i.e., correct solutions
resulting from the application of previously learned knowledge or previously
known rules; incorrect prior knowledge solutions (iKS), i.e., incorrect solutions based on the application of previously learned knowledge or previously
known rules and no solution (nS) referring to the cases where participants did
not succeed in finding a solution (either correct or incorrect). Two independent judges did the codification and there was a remarkable agreement
between their evaluations (Cohen’s K index D 0. 86).
The percentage of groups that did not find a solution was less than 1%
(0.8%). These responses were eliminated from any further analyses which
thus focused exclusively on the types of solutions found. The frequency of
the various solution types is shown in Table 1. Two initial considerations
can be put forward based on the totals. First, perceptual solutions (independently of whether correct or incorrect) represented the most frequent type of
solution: They were 55% of the final solutions offered by participants vs.
45% of solutions based on previous geometrical knowledge (PS D 264 vs.
KS D 212; McNemar chi-square D 5.46, p < .02). This might not be surprising given the type of problem presented. A second more meaningful finding
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TABLE 1
Type of solution (correct prior knowledge solution, cKS; correct perceptual solution,
cPS; incorrect prior knowledge solution, iKS; and incorrect perceptual solution, iPS)
reached by participants in the four instruction conditions: Advised use of Contraries (AC),
Advised use of prior geometrical Knowledge (AK), non-Advised use of Contraries (nAC)
and no strategy (n)

Instructions

AC
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AK
nAC
n
Total

Counts
%

cKS

cPS

iKS

iPS

Total

Counts
% within AC

25
21.2%

70
59.3%

16
13.6%

7
5.9%

118
100.0%

Counts

39

46

26

8

119

% within AK

32.8%

38.7%

21.8%

6.7%

100.0%

Counts

22

62

23

12

119

% within nAC

18.5%

52.1%

19.3%

10.1%

100.0%

Counts

30

50

31

9

120

% within n

25.0%

41.7%

25.8%

7.5%

100.0%

116
24.3%

228
47.9%

96
20.2%

36
7.6%

476
100.0%

concerns the proportion of correct and incorrect solutions within the two
types of responses: Perceptual solutions were more frequently correct than
incorrect (cPS D 228, iPS D 36; McNemar chi-square D 138.19, p < .0001)
while solutions based on prior knowledge turned out to be as frequently
incorrect as correct (cKS D 116; iKS D 96; McNemar chi-square D 1.70;
p D 0.19). This suggests that not only are PS often chosen, but also that this
choice is often appropriate.
In the following analyses, data were studied using generalised mixed
effects models (GLMMs ! R package “lme4”, version 1.1-7; Bates, Maechler, Bolker, & Walker, 2014a, 2014b). In fact our experimental design
included both random effects (Groups and Problems) and fixed effects
(Instructions) and various types of dependent variables (binomial and scale
values).
Correct vs. incorrect.. The first question we were interested in was whether
correct responses were more frequent in any of the four instruction conditions. In order to test this, we recoded responses as correct (C) or incorrect
(I)—independently of whether they were perceptual solutions or prior
knowledge solutions—and carried out the following tests on this new binary
dependent variable using a logit link function.
To begin with, we studied the effects of our two random effects (Groups
and Problems) by testing the difference between the more complex model

(which includes both random intercepts and random slopes, i.e., both intercepts and slopes are allowed to vary across Groups and across Problems)
and the simpler model which includes only random intercepts. In addition,
Instruction was inserted in both models as a fixed effect. No significant differences emerged between the two models (chi-square D 0.325, df D 18,
p D 1.000). Akaike’s information criterion (AIC) was used to measure the
relative quality of these models for our set of data—AIC offers a relative
estimate of the information lost when a given model is used to represent the
process that generates the data. Since AIC was smaller in the simpler model
(AIC Instruction C random intercepts(Groups, Problems) D 410.31; AIC
Instruction C random intercepts and slopes(Groups, Problems) D 445.99), we
used it to model the random effects in the next analysis where the fixed effect
(Instruction) was eliminated. Instructions turned out to be a relevant factor
in modelling data variability. Deleting it led to a significantly worse fit of the
model to the data (chi D 7.6832, df D 3, p D 0.05). The AIC confirmed that
in terms of fit this model is worse than that which includes Instructions
(AIC random intercepts D 411.40).
In Figure 2 the plot of the effect of Instructions is shown. Let us bear in
mind that in a model like the one used here (which works on a logit transformation of a binary variable, in our case correct vs. incorrect solutions), an
equal proportion of the two categories of the binary variable (i.e., the number of correct solutions D the number of incorrect solutions) corresponds to
a logit value of 0.5, whereas logit values greater than 0.5 indicate that

logit (C-I)
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Figure 2. Plot of the effect of Instructions (emerging from the GLMM described in the main text
of the paper) showing correct (C) vs. incorrect (I) solutions. Bars represent the 95% confidence
interval.
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numbers of correct solutions > numbers of incorrect solutions and logit values smaller than 0.5 indicate that numbers of correct solutions < numbers
of incorrect solutions. Thus, one sees in Figure 2 that in all instruction conditions correct solutions were more frequent than incorrect solutions (the
means of the effects are always >0.5). But, as the model confirmed, when
participants were explicitly advised that thinking in terms of contraries
might help them to find the solution (AC), the frequency of correct solutions
was significantly higher as compared to when they were not given any advice
(AC vs. n: z D 2.596, p < 0.001) or when they were not advised using contraries (AC vs. nAC: z D 1.962; p < 0.05). Groups advised to use contraries
also tended to be correct more frequently than groups who had been advised
to use previous knowledge (AC vs. AK: z D 1.791, p D 0.07). No differences
were found between the other three conditions (AK vs. n: z D 0.844, p D
0.398; AK vs. nAC, z D 0.178, p D 0.858; n vs. nAC: z D ¡0.667, p D 0.504).
Thus, giving explicit advice to use contraries to find a solution (AC) turned
out to be the only instruction condition associated with an increase in the
number of correct responses.
Perceptually based solutions vs. prior knowledge-based solutions. A second
question regarded whether the frequency of solutions based on perceptual
operations or prior geometrical knowledge differed in the four instruction
conditions. In order to test this we recoded responses into a new binary
dependent variable, perceptual solutions (PS) vs. prior knowledge solutions
(KS)—independently of whether they were correct or incorrect solutions—
and tested various GLMMs (link function: Logit).
As in the previous case, we first studied the effects of the two random
effects (Groups and Problems) by testing whether the more complex model
(with both random intercepts and random slopes, in addition to the Instruction fixed effect) differed in terms of fit from the simpler model which
includes only the random intercepts (likewise in addition to the Instruction
fixed effect). No significant difference emerged (chi-square D 3.416, df D 18,
p D 0.99). AIC was smaller in the simpler model (AIC Instruction C random
intercepts(Groups, Problems) D 506.33; AIC Instruction C random intercepts
and slopes(Groups, Problems) D 538.91). Thus, only random intercepts were
included for these two random effects in the next model tested, where the
Instruction fixed effect was eliminated. The model including Instruction
guaranteed a significantly better fit to the data as compared to the model
including only random effects (chi D 18.349, df D 3, p < 0.001); Akaike’s criterion (worse in the model without Instructions, AIC random intercepts D
518.6) also confirmed that the former minimises the loss of information
from the data. In particular (see Figure 3), perceptual solutions were more
frequent when contraries were used either explicitly (AC) or implicitly
(nAC)—with no differences between these two conditions (AC vs. nAC;

16 BRANCHINI ET AL.

0.9

logit (PS-KS)

0.8

PS>KS

0.7
0.6
0.5

PS=KS

0.4
0.3

Downloaded by [Ivana Bianchi] at 00:10 07 January 2015

0.2

PS<KS
AK

AC

Instructions

nAC

n

Figure 3. Plot of the effect of Instructions (emerging from the GLMM described in the main text
of the paper) showing perceptual solutions vs. knowledge-based solutions (KS). Bars represent
the 95% confidence interval.

z D ¡0.604, p > 0.5)—as compared to when participants were invited to use
prior knowledge of formulas and rules (AK vs. AC: z D ¡3.648, p < 0.0001;
AK vs. nAC: z D ¡3.093, p D 0.002) or when no advice regarding strategies
was given (n vs. AC: z D ¡3.008, p D 0.002; n vs. nAC: z D ¡2.436,
p D 0.014). Not giving any advice regarding strategy (n) or prompting participants to use previous knowledge (AK) led to similar results (n vs. AK:
z D ¡0.697, p D 0.485). Given that in these two latter conditions we have
logit values around 0.5 (AK D 0.481, n D 0.536), this also means that knowledge-based solutions were approximately as frequent as perceptual solutions
in these two instruction conditions. Conversely, as the logit values in the
other two instruction conditions indicate (AC D 0.751; nAC D 0.713), stimulating participants to explore the structure of the problem in terms of opposites, both when giving them hints and when not giving them hints about the
utility of doing this, prompted them to seek perceptual solutions more often
than solutions based on previously learnt knowledge.
Perceptual solutions: Incorrect vs. correct. So what happens if we specifically
consider the distribution of incorrect perceptual solutions vs. correct perceptual solutions (cPS vs. iPS)?5 Did differences emerge in the four instruction
conditions? As previously, we first studied the random effects (Groups and
Problems) by testing whether the more complex model which includes both
5

It is statistically appropriate to parameterise a multinomial model as a series of binomial
contrasts (Alison, 1984; Dobson & Barnett, 2008).
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random intercepts and random slopes differed in terms of fit from the simpler model which includes only random intercepts, in both cases with the
addition of the Instruction fixed effect. No significant differences emerged
(chi-square D 1.234, df D 9, p D 0.998). Since AIC was smaller in the simpler
model (AIC Instructions C random intercepts(Groups, Problems) D 168.59; AIC
Instructions C random intercepts and slopes(Groups, Problems) D 185.35), only
random intercepts were included in the model tested next where the Instruction fixed effect was deleted. No significant differences emerged between the
model which also included Instructions as compared to the model with only
random effects (chi D 3.299, df D 3, p < 0.347); Akaike’s criterion was
smaller in the latter model (AIC random intercepts(Groups, Problems) D
165.89). Thus, the proportion of correct and incorrect perceptual solutions
did not vary between the four instruction conditions.
Prior knowledge-based solutions: Incorrect vs. correct. Similar results were
found when we considered the distribution of incorrect vs. correct knowledge-based solutions (iKS vs. cKS). No significant differences emerged
between the two models used to study the random effects (Groups and Problems) in addition to the Instruction fixed effect (chi-square D 0.143, df D 9,
p D 1). AIC was smaller in the simpler model (AIC Instructions C random
intercepts(Groups, Problems) D 145.35; AIC Instructions C random intercepts
and slopes(Groups, Problems) D 163.21). No significant differences emerged
when Instruction was eliminated from the model including random intercepts (chi D 1.012, df D 3, p D 0.798); Akaike’s criterion was also smaller in
this model (AIC random intercepts(Groups, Problems) D 140.36). Thus, the proportion of correct and incorrect knowledge-based solutions did not vary
between the four instruction conditions.
Correct solutions: Perceptually based vs. based on prior geometrical knowledge. Finally, we tested whether the instructions affected the distribution of
the two types of correct responses (correct solutions based on prior knowledge, cKS, vs. correct perceptual solutions, cPS). As before, we first studied
the effects of the two random variables (Groups and Problems) by testing
whether the more complex model (which includes both random intercepts
and random slopes) differed in terms of fit from the simpler model which
includes only random intercepts (in both cases, this was in addition to the
Instruction fixed effect). No significant differences emerged (chi-square D
1.147, df D 9, p D 0.998) but AIC was smaller in the simpler model (AIC
Instructions C random intercepts(Groups, Problems) D 267.44; AIC Instructions
C random intercepts and slopes(Groups, Problems) D 284.29). Thus, only random intercepts were included for the two random effects in the model tested
next, where the Instruction fixed effect was deleted. The elimination of the
fixed effect led to a significant difference in the fit of the two models
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(chi D 16.914, df D 3, p < 0.001), indicating that Instruction affects the distribution of the two types of correct response. Akaike’s criterion also confirmed that the model without Instruction was a worse fit (AIC random
intercepts(Groups, Problems) D 278.35). Having said that in all four conditions
correct perceptual solutions were more frequent than correct solutions based
on previous knowledge (see Figure 4: Logit values are always >0.5), the first
type of response (cPS) was significantly more frequent when an explicit or
implicit suggestion to use contraries was provided (AC, nAC) as compared
to when participants were stimulated to rely on previously acquired geometrical knowledge (AK vs. AC: z D ¡3.188, p D 0.001; AK vs. nAC: z D
¡3.519, p D 0.001).

Solution latencies
By studying the times needed to reach a solution we aimed to understand
whether the groups that made use of contraries (explicitly, AC, or implicitly,
nAC) solved the problems faster than those that did not make use of this
strategy or, conversely, whether solution latencies were shorter only when
explicit advice was offered—both when related to contraries (AC) and when
unrelated (AK).
The times needed to find a solution were measured by two independent
judges. Measurements started at the point when participants finished reading the text of the problem and terminated when they moved on to the next
problem. In the two conditions where participants were first asked to list
all the contraries related to the problem (nAC and AC), the starting point
was defined as when they announced that they were starting the second
phase after having finished the preliminary phase, i.e., the point at which
they started to look for a solution to the problem. Inter-rater agreement
turned out to be excellent (intraclass correlation coefficient, ICC D 0.976;
0.971 < 95% confidence interval < 0.978). The following analyses were performed on a data matrix obtained by averaging the response times measured
by the two raters.
We studied how solution times were distributed. A Box!Cox transformation suggested that data were distributed logarithmically (lambda D
0.038). We thus performed GLMMs on response times based on a Gaussian
distribution and a log link function.
No differences emerged in the fit of the models including both random
intercepts and random slopes for the two random effects (Groups and Problems) in addition to the fixed effect (Instruction) and the model including
only the fixed effect and the two random intercepts (chi-square D 0.10, df D
18, p D 1). AIC was smaller in the simpler model (AIC Instructions C random intercepts(Groups, Problems) D 5985.8; AIC Instructions C random intercepts and slopes(Groups, Problems) D 6673.8). Thus, only random intercepts
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Figure 4. Plot of the effect of Instructions (emerging from the GLMM described in the main text
of the paper) showing correct perceptual solutions (cPS) vs. correct knowledge-based solutions
(cKS). Bars represent the 95% confidence interval.

were included in the model tested next, where the Instruction fixed effect was
deleted. A significant difference was found (chi-square D 12.991, df D 3; p D
0.004); this last model also had a worse fit to the data (AIC random
intercepts(Groups, Problems) D 5992.8) In particular (see Figure 5), participants
were faster when explicitly invited to use contraries as compared to when no
350
300
Time (seconds)

Downloaded by [Ivana Bianchi] at 00:10 07 January 2015

logit (cPS-cKS)

CONTRARIES IN PROBLEM SOLVING

250

200

150
AK

AC

Instructions

nAC

n

Figure 5. Plot of the effect of Instructions (emerging from the GLMM described in the main text
of the paper) showing the time needed to find a solution. Bars represent the 95% confidence
interval.
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suggestion was provided (n vs. AC: t D 3.525, p < 0.001) or when they were
invited to use previous geometrical knowledge (AK vs. AC: t D 2.327,
p < 0.05). The implicit use of contraries (nAC) led to intermediate solution
latencies (with no significant differences with any of the other three conditions).
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Information focused on during the solution process
We finally tested whether differences emerged between the four instruction
conditions in terms of the kind of information which participants focused
on during the solution process. Dialogues between the participants were
fully transcribed using a set of transcription conventions (Edwards, 1997;
Gilbert, 1993; Potter, 1996) and coded based on an adaptation of the
“thinking aloud coding scheme” (Hoffman & Lintern, 2006; Rasmussen
et al., 1990). This adaptation was needed to make a good fit with the contents of the dialogues and the aspects of the process that we aimed to test.
The coding table focused on two aspects:
Procedural aspects. We classified the chunks of dialogue where participants
referred to what the problem asked them to do (goal, G); those where they
referred to means, steps and information useful for reaching the solution
(means, M); where they went back to the text of the problem and re-read it
(reading, RD); where they paraphrased in their own words the text of the
problem (reformulation, RF); where they applied true mathematical/geometrical formulas or self-instructions (these latter were either true or false but in
any case they were dealt with as constraints to be followed) (rules, R); where
they referred to aspects that might be derived from knowledge acquired in
the past but that in any case referred to “visible” aspects (visible rules, VR)
and where they referred to visual aspects, including descriptions of what was
represented on the sheets of paper and any possible manipulations (visual
operations, VO).
Features discussed. We also classified the chunks of dialogues where participants referred to the overall structure of the problem (whole, W); to a specific element of it (part, P); to the relation between a specific element and the
overall structure of the problem (whole!part, WP); to the relation between
two or more parts of the problem (part!part, PP) or to the relation between
the overall structure of the problem and another hypothetical/imagined
overall structure (whole!whole, WW).
Two independent judges did the codification (Cohen’s K index D 0.84).
We were interested in exploring whether the four instructions specifically
increased or decreased the use of each of these aspects during the solution
process. In order to avoid biases due to different overall numerosity, we
transformed the raw frequencies into proportional data by dividing the
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counts for each category in a given group of participants analysing a given
problem taking into account the total number of chunks produced by that
group when analysing that problem (e.g., frequency of chunks referring to
visual rules produced by group 1 when analysing the parallelogram problem
in the AK condition/sum of the frequencies for all categories produced by
group 1 when analysing the parallelogram problem in the AK condition).
These weighted frequencies were then analysed using GLMMs, with Instruction as a fixed effect and Problems and Groups as random effects.6
The steps which were followed in the application of GLMMs to these
data are the same as those used in the foregoing analyses: We first tried to
ascertain which was the best way of modelling the random effects (Problems
and Groups), i.e., whether only in terms of random intercepts or both random intercepts and slopes, and then tested whether the fit of the model worsened when the fixed effect (Instruction) was eliminated from the model.
When no significant differences emerged, Akaike’s criterion was used to
identify the best model (smaller AIC).
Tables 2 and 3 summarise the outcomes of these analyses, for each individual category of information focused on. For the sake of simplicity, in column 2 only the difference between the two final models used to test the
effect of Instructions is reported (i.e., the two best models in terms of the fit
of the random components, with and without the fixed effect). When
Instructions turned out to be critical (i.e., to guarantee a better fit), we analysed which out of the four instruction conditions differed (significant differences are reported in column 3 of Table 2; see also Figure 6).
The analyses revealed that Instructions affected procedural aspects
(Table 2) while no systematic differences emerged concerning the type of features focused on during the solution process—i.e., whether individual
aspects (P, W) or relational aspects (PP, WW, PW) (Table 3) were focused
on. In particular, prompting participants to look for contraries (either
explicitly, AC, or implicitly, nAC) led them to concentrate more frequently
on what they were being asked to find (goal-directed behaviour). It also led
them to expand on the problem by reformulating it (reformulation) as compared to simply re-reading it (reading was particularly frequent when no specific hints were provided) and to operate on visual aspects of the problem, e.
g., by modifying orientation and localisation, separating and reorganising
parts or the overall structure (visual operations). Finally, there were fewer
references to mathematical/geometrical formulas (rules based on previous
knowledge—but not visual rules—were instead significantly more frequent
in AK).

6

Crawley (2012) suggested modelling data related to proportions in the glmer R function
following a binomial distribution since proportions vary between 0 and 1.

Mod1 [Instruction C random intercepts(Group, Problems)] vs. Mod2 [random
intercepts(Group, Problems)]: Chi D 2.931, df D 3, p D 0.4 (AIC Mod2 <
AIC Mod1)

Mod1 [Instruction C random intercepts(Group, Problems)] vs.
Mod2 [random intercepts(Group, Problems)]: Chi D 7.136, df D 3, p < 0.05

Visual operations [yes]

Mod1 [Instruction C random intercepts(Group, Problems) and
random slope(Problems)] vs. Mod2 [random intercepts(Group, Problems) and
random slope(Problems)]: Chi D 7.926, df D 3, p < 0.05

Rules [yes]

Visual rules [no]

Mod1 [Instruction C random intercepts(Group, Problems)] vs. Mod2 [random
intercepts(Group, Problems)]: Chi D 7.109, df D 3, p < 0.05

Reformulating [yes]

Mod1 [Instruction C random intercepts(Group, Problems)] vs. Mod2 [random
intercepts(Group, Problems)]: Chi D 8.242, df D 3, p < 0.05

Mod1 [Instruction C random intercepts(Group, Problems) and
random slope(Problems)] vs. Mod2 [random intercepts(Group, Problems) and
random slope(Problems)]: Chi D 2.307, df D 3, p D 0.5 (AIC Mod2 < AIC Mod1)

Means [no]

Reading [yes]

Mod1 [Instruction C random intercepts(Group, Problems)] vs. Mod2 [random
intercepts(Group, Problems)]: Chi D 7.556, df D 3, p D 0.05

Compared models (best modelling of random effects,
with and without the fixed factor)

Goal [yes]

Aspect focused on
[yes/no effect of Instruction]

nAC vs. AK (z D 1.193, p < 0.05)

nAC vs. n (z D 2.418, p D 0.015)

AC vs. n (z D 1.712, p D 0.05)

AC vs. AK (z D ¡1.774, p D 0.05)

nAC vs. AK (z D 2.214, p D 0.026)
nAC vs. AK (z D ¡2.211, p < 0.05)

AC vs. AK (z D 1.744, p D 0.05)

n vs. AK (z D 2.709, p D 0.006)

n vs. nAC (z D 2.480, p < 0.02)

n vs. AC (z D 2.570, p D 0.01)

n vs. nAC (z D ¡1.839, p D 0.05)

n vs. AC (z D ¡2.659, p D 0.0078)

AK vs. AC (z D ¡1.885, p D 0.05)

Significant differences
between the levels of Instructions

TABLE 2
Results of the GLMMs used to study the effects of the fixed factor Instruction on the proportional use (weighted frequencies) of various different
procedural aspects related to the solution process
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Figure 6. Plot of the effect of Instructions showing weighted frequencies of the procedural
aspects which turned out to be significant in the GLMMs described in Table 2 (column 3). Bars
represent the 95% confidence interval.

Some observations on the random factors
In this study various different geometrical problems were used. They shared
the characteristics of being relatively doable problems which had already
been studied (or at least discussed) by psychologists interested in problem
solving. Differences between them were to be expected, although these were
not “planned differences”, and in fact this “Problem” variable was a random

TABLE 3
Results of the GLMMs used to study the effects of the fixed factor Instruction on the proportional use (weighted frequencies) of various different types of features discussed during
the solution process
P [no]

W [no]

PP [no]

Mod1 [Instruction C random intercepts(Group, Problems) and random slope(Problems)] vs.
Mod2 [random intercepts(Group, Problems) and random slope(Problems)]: Chi D 2.765,
df D 3, p D 0.429 (AIC Mod2 < AIC Mod1)
Mod1 [Instruction C random intercepts(Group, Problems) and random slope(Problems)] vs.
Mod2 [random intercepts(Group, Problems) and random slope(Problems)]: Chi D 2.864,
df D 3, p D 0.413 (AIC Mod2 < AIC Mod1)

Mod1 [Instruction C random intercepts(Group, Problems) and random slope(Problems)] vs.
Mod2 [random intercepts(Group, Problems) and random slope(Problems)]: Chi D 3.483,
df D 3, p D 0.322 (AIC Mod2 < AIC Mod1)

WP [no] Mod1 [Instruction C random intercepts(Group, Problems) and random slope(Problems)] vs.
Mod2 [random intercepts(Group, Problems) and random slope(Problems)]: Chi D 3.538,
df D 3, p D 0.315 (AIC Mod2 < AIC Mod1)

WW [no] Mod1 [Instruction C random intercepts(Group, Problems)] vs. Mod2 [random
intercepts(Group, Problems)]: Chi D 1.979, df D 3, p D 0.576 (AIC Mod2 < AIC Mod1)
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effect in our experimental design. Some differences did emerge: The frequency of correct solutions was particularly high for some problems (the
nine dots and circumference problems) and particularly low for others (the
ducks and square problems) while the number of perceptual solutions was
particularly frequent for the nine dots problem and solutions based on previous knowledge were particularly frequent for the window problem. In addition, the time needed to find a solution was much longer for one problem
(the square problem) as compared to the others. However, in the majority of
cases (namely, in all the findings regarding the dependent “type of solution”
and “solution latencies” dependent variables and for most of the findings
concerning which procedural aspects were focused on during the solution
process), when a significant effect of Instruction was found, intercepts were
enough to model the random variability of the data related to the Problem
factor (as well as the Group factor). The fit did not improve (on the contrary, it got worse) when random slopes were added. A random intercept
model assumes that whatever the effect of Instructions is, it will be the same
for all of the groups and all of the problems. Conversely, a random slope
model assumes that the effect of Instructions might be different for each
group and each problem, i.e., that Groups and Problems are not only
allowed to have differing intercepts, but they are also allowed to have different slopes for the effect of Instructions. The fact that only random intercepts
were needed thus indicates that the effect of Instructions was consistent
across problems and groups. In other words, there was no evidence that the
impact of Instructions on the dependent variables varied for each individual
problem. Only when we considered the features focused on during the solution process (Table 3) was the fit of the random component better in the
majority of cases with random slopes models than with only random intercepts models—this means that the instructions given affected some problems
more than others. However, in these cases (Table 3) a general effect of
Instructions was not found.

GENERAL DISCUSSION
In “Knowledge and Error” by Mach (1905), it is clearly stated that understanding what happens when we transform things into their opposites (e.g.,
compress!rarefy, cool down!warm up) and identifying the nature of the
relationship between these phenomena may enable us to discover new physical laws. A more modest aim of this paper was to test whether stimulating
the participants in our study to manipulate the characteristics of a problem
in terms of contraries would affect how successful they were at solving geometrical problems. We were also interested in the impact of this manipulation on which aspects they focused on and on the time needed to reach a
solution.
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As the statistical analyses revealed, general effects of explicitly encouraging participants to reason in terms of contraries (AC) were found. A first
effect was an increase in the number of groups who found the correct solution. A second effect was that participants were more likely to reason by
referring to the perceptual structure of the problem (i.e., searching for a perceptual solution) rather than to previously learnt notions or rules. This was
also reflected in the change in the type of information which they focused
on, i.e., they referred less frequently to mathematical/geometrical formulas
and more often relied on visual operations and reformulating the problem
while bearing in mind the goal they needed to reach. In addition, this strategy also seemed to be associated with a reduction in the time needed to find
a solution (solution latencies). We are not going to put particular emphasis
on this last result for which further checks are needed, e.g., by adding an initial phase to the experimental design, similar to the one used here, but not
involving contraries. At this point we prefer to concentrate on the other findings and make some considerations about those.

Easily applicable strategy
Elaborating on the structure of a problem in terms of contraries is an easily
accessible strategy: It does not require expert competence since opposites are
primal in human cognition in general and in spatial cognition in particular
(as pointed out in the introduction to this paper). This simple strategy
proved to enhance success.
Is this a generalisabile strategy? The next step would be to test whether
this strategy would lead to similar positive results if we studied other types
of problems i.e., not geometrical problems where the role of figural!perceptual processing is foremost. It has to be noted, however, that the problems
considered in our study already represent an extension of the tasks typically
used in previous studies investigating the effects of using contrast class cues,
i.e., mainly Wason’s task (Gale & Ball, 2009). This stimulates us to ask
whether there is a link between thinking in terms of opposites and “being
creative” by which we mean being able to find alternative, divergent solutions rather than simply reproducing.

New insights into the relationship between thinking in contrasts
and creativity
It has been suggested in the past that creativity is related to inductive reasoning (e.g., Guilford, 1964; Mumford, Connelly, Baugham, & Marks, 1994;
Newell, Shaw, & Simon, 1962; Nickerson, 1999; Weisberg, 1999). In fact,
induction and creativity are both characterised by the use of imagination
and by the generation of new ideas (Johnson-Laird & Wason, 1977;
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Nickerson, 1999) and they are both essential to hypothesis testing. Indeed
hypothesis testing is an instance of inductive reasoning but it is at the same
time an important component of creativity since the exploration of many
scenarios and the generation of several hypotheses increase the likelihood
that one will arrive at an original idea (Eysenck, 1995; Mednick, 1962).
It has been demonstrated that generating contrasting hypotheses necessitates the exploration of various alternatives (Gale & Ball, 2012; Oaksford
& Charter, 1994)7 and enhances creativity (Vartanian, Martindale, &
Kwiatkowski, 2003). Attempts to directly connect the generation of contrasting hypotheses to divergent thinking are not new (Guilford, 1968, 1971)
and techniques based on contraries to facilitate creative thinking have also
been proposed. For example, in De Bono’s lateral thinking approach (1967),
he recommends not stopping at the first potential solution and he encourages people to continue to explore and search for alternative solutions by
deliberately reversing the elements of a problem and the relationship
between them. Kogan (1971) suggested trying opposite means to solve a
problem when direct means fail. Zingales (1974) and Levine (1988) pointed
out that a way to think creatively in problem solving consists of stretching a
situation or its individual aspects up to extreme values using strategies which
presuppose a variety of oppositional processes (exaggeration and diminution,
enlargement and dissection or addition and subtraction) or choosing one of
these strategies and then transforming the results obtained into the opposite
(Zingales, 1974). New experimental evidence might refresh people’s interest
in understanding whether contraries play a role in problem solving and creative thinking and in discovering the cognitive basis of this link (taking
advantage of new methodologies and new theoretical frameworks in
psychology).

A strategy that remains anchored to the structure of the problem
To conclude, we would like to put forward a consideration regarding epistemology. Exploring a problem in terms of the contrasts embedded in its structure might not necessarily lead to a correct solution or make the search for it
any quicker, but this investigation is invariably apposite. The properties
which are manipulated might not be critical (and thus will not be of assistance in the search for a solution), but they are in any case related to the
essence of the problem. In this sense any exploration of the contrasts which
are integral to the structure of the problem complies with the requisites of
“epistemic vigilance”, defined as a filter mechanism acting on the
7
But it is also a fundamental component of deductive reasoning in syllogisms (Evans,
Handley, Harper, & Johnson-Laird, 1999; Johnson-Laird, 1983; Johnson-Laird & Bara, 1984;
Johnson-Laird & Byrne, 1991).
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information received in a communicative reasoning process to guarantee the
reliability of the information processed (Mercier & Sperber, 2011; Sperber
et al., 2010). In the problem solving strategy that we suggest, it is the phenomenal!perceptual structure of the problem itself that acts as a filter. It
shows the gaps to be filled and the direction to follow. Moreover, humans
tend to rely on what is evident (Brem & Rips, 2000) and problem solvers are
inclined to trust what the structure of the problem itself suggests, even when
this is in contrast with their beliefs. In other words, it is easy to justify and
trust in a strategy which uses the phenomenal!perceptual structure of a
problem (even in group settings) because it is based on observation.
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Author/year

Problem

Formulation

Wertheimer
(1945)

Parallelogram The task is to find the formula to
calculate the area of the figure
and to demonstrate why it is
correct.

Maier (1930)

Nine dots

Four lines must be drawn
between nine dots in such a
way that all the dots are
connected. The pencil must
not be lifted from the paper
and no line should be retraced.

Harrower
(1932)

Ducks

Swimming under a bridge there
are two ducks in front of two
ducks, two ducks behind two
ducks, and two ducks in the
middle. How many ducks are
there in all?

Wertheimer
(1945)

Altar
window

Workers are painting and
decorating the inner walls of a
church. There is a circular
window a little above the altar.
As a decoration, the painters
have been asked to draw two
vertical lines tangentially to
and of the same height as the
circular window; they are then
to add half circles above and
below, closing in the figure.
This area between the lines
and the window is to be
covered with gold. For every
square inch, a certain amount
of gold is needed. How much
gold will be needed to cover
this space (given the diameter
of the circle); or, what is the
area between the circle and the
lines?

Kanizsa (1973) Square

Figure

No figure

Build a square by putting
together six smaller figures:
four right-angled isosceles
triangles and two right-angled
trapezoids having equal
heights, but bases of different
lengths.

(continued)
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K€
ohler (1969)

Problem

Formulation

Circumference Given a circle with a radius r, the
task is to draw a rectangle in
this circle. If we trace a line (l)
inside the rectangle, what is its
length?

Figure

